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6.5 Curl and Dlvergence

Gd f F-pe Q7+ RR s a vector fleld on B> and the partial derivahves of
P,Q,R exist ,the curl of F is a vechr fleld on R defmed bj

LF. (R_20)T,[28_2RI)7,(20_2)R
“ (b}j bz)“r(bz ax>]+(bx 65)

g

* Del operator V - 13 +3_3_+ ﬁ
ox amj
» When 1t operafes on o scalar funm‘ion it produces the gradient of f

U vl L tof, Rl - aft, 4%,k

RS T RF O

If we think of V as a veclor w/ components 3, 2, 0 , we can consider the
ax ag oz

Jormal - cross Produ& of V

w| vector fleld F as follows -

S 11}k A . A
UXF . - ﬁ-@g)t QB__BK) (ﬂ-@i R
%3—3% (aﬂ 22 +(az )\

P a R
=curlF

To remember curl F = VxF

Ex If Flxy?) = xﬂi? -x’aﬁ ,Jnd curl F

crl F = VxF . ﬁ.ii =(—x2—0)f—(-axﬂ-x5)J+(O-xz)k

= -4 Bxﬂj\ _xzk
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Now quven o funa‘ion of three variables, s gradnenJr is a vector field on R, and
hence we can compute s curl .

Thn f i5 a ]cuncﬁonoj fhree vanables that has continuous second order panlial
derivatives, then  curl (Vf) = 0.

A I\E I\
: L) -vx (e |t an 52 (aa PXs
X curl (Vf (V) %53_% aaaz a—z% ¥ 323X axz
%33% al az )a
axH 33’(

=0 (bﬂ Clairaud's nmm}

Remember a conservative vector jielo\ i5 one jor which F = V{ , and above theorem
can be rephrased as -

f T is conservative, then curl (F) =
Ex Is ?lx,g,z) - xﬂzf -x’Hﬁ conservative ?
o We showed eorlier that curl [F) = -»%0 +3x33 —xzﬁ +0 60 Fisnot conservative .

The converseoj above thm is not true n general, but it is due f F is defined ever}jwhere.

Ij T is a vechor :[lelo\ defmeo\ on all af R® whose componen{ junchons have continuous
Porha\ derivatives and curl F= 0 , then Fis a conservative fwlo\

Ex Show that ?(x,ﬂ)ﬂ . 32?.'1' xzj * (x3+22){l: is conservahve .
o wl T -WxE. | j
Sl curl F = VXF _ Y = =0

2
x 9y oz

yz A2 XY+ az
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Gine cul F =0 and domain o[ Fis Ika, Fis a conservative V.F.

RmK  We olreadﬂ showed earher that F =Vf, where j(x.g,z) =7t32+22

Dwergence

If F-Ps Q% +RR s a vechor freld on R® and 2P 20 , OR exist | then fhe diveraence
ox aj oz

of Fis the function of 3 variable defined by :

dvF. 2,28, R
X 35 0z

Symbolzally ~ div F-V.F

Rmk - arl T is a vedor jlelo\.
+dvF is a scalar fneld.

Ex lj F= <Inx,|n(x3), Inlxaz) > ,jmd dw ?

Aos dv T =V.F . 2 (nx)+ 2 (Intxy)) 4 2 (Inlay2)

ox 35 oz
=L 4 X 4 XU L 1,
X XH xH-z x Yy 2z

Now |j Fis a veclor fwld on R, then curl F is a vecor juelal, and hence we can compute iHs

dwersence .

T If F=P+ Qf +RR is a veclor ][nelo\ on R® and P,Q and R have continuous par’rial
derivatives , then div curl F = 0.
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B div(curl F) - V.(UxF)

(2 -2). 22 m). 3(m2)

=0 (Clairauts Thm)

Physical lnt curl and diver

Ex Imaame o f\uid jlowinj s\eaa\ilj o\onﬂ o pipe and lel F(x.ﬂ.z) be the velocig veclor
at o point (x.ﬁ,z\.

Then F assiﬂns to each Point (x.tj,z) in a domain E , o veclor n .

e The speed at any Pol"ni; 18 gren blj
the |enji’n o]c the arrow.

[ =7

/ VESSy
curl F('X}j Z)

dea The partice near (x, H,z) in the fluid tend to rolute about
mj’l)\\ the axis that Powris in the direchon oj arl Fl 1 ,Z) and the
lenjih j this curl veclor is a measureof how quncklj the
parficle moves around the axis

f ool F=0da pt P, then fluid is jree from rofations and F i cdled wrolohional ot P.

If F s the VQlOC”\lJ oj j|uid or gas, fhen div I?(xg z) rePresen’(s the net rale oj chanae

(wrt time) [ the mass of the fluid f\owmﬂ from the point (x,y:2) per unit volume .

In other words, div F(xHZ) measures the ’rendenc3 oj' the fluid to dwerae from the point (x..2).
I} div F- 0, then Fis said to be mcompreSSI\)le

Divergence o_{giadlent div(V§) - V.Vf . iﬂ’é + 3—% . _a_’f)_ ST (7-VY) clld
G the Laplace oPerabr.
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Vechor Forms of Green's Thm

* Suppose we have a plane region D, s boundarj curve C, and funchions
Pand Q saﬁsjtj hﬂpollhesfs of (:'|reen,s Thm .

lt F-P+Q] - Then,

%;F dr =§ Pdx+Q Jj and rejamlinj F as a vechor jwld on B w/ thd component O,

¢ <A Al
= l ] k A
arl F = - (28 _ 9P \k
%%5 %’z (ax a3>
Plxy) Qby) 0
and |
(curl F). R -(_Q _E) . a_2
x 9y 0X aj
and therefore,
%?.d?= ”(curl?).fz dA .
c )

Here we express the line mfegral of the lunﬂenh'a\ component oj F alomﬂ C as the double m*egral
oj the verlical componen{ of wrl T over the reglbn D enclosed bﬂ C

* Now we will derive similar formu\a mvolvmﬂ normal mmponen{ of

|f Cs gven bﬂ T = x(4) 1 +3H)J a<i<h , then
alt)

T - T'® . /2w _H_'_(_D__ > T
IT(H) |F'(ﬂ| 1T (0] d
| i,

Then the outward unit normal veclor o C s
aiven b3

n(t)-< L'GL_> [ChecK Tit).n(t) = 0 and Iﬁ(t)l=i)
REINGETY
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Then,
b
4)?.3 s J (a0 [P0 dt
c a
- | o) gl Q) ) x| I7'14)] d
J J 1 () J |?'(t))J

©

_ P(x(t),ﬂlt)) y'le) dt - Q(x(t\,glt)) x'(1) dt

b
a

: lPdﬂ-de 3 L{(%E+%)AA ,an’ﬁ(x.g) A

The line m’mara\ oj the normal comPonenf oj F a\onﬂ C s equal o the double in*egml
Oj the diverﬂence oj F over the reﬂion D enclosed b}j C.

16.6  Parametric Surfaces

In the same Wy we descnbed o space curve bj a vedor funchion T'(t) of a single parameter 1,
we can describe o surface by a veclor function T(uv) of two paramelers u and v.

S, Tluv) = x{uw) L +3lu,v)f + z(u,v)’l; is a vector valued juncﬁon defmed on a
real'on D in the uv-plane. 1

D
o =
The surface S consists o} all Poink: (x,ﬂ.z) € R such that x = xu,v), j=jlu,v),z =2(u,v)
where (u,v) varies ’rhrouahout D ,ond is called a parame}n'c surface 5 Siven bj

-~

Paramehu'c equah'ons .
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Ex Henhfj and sKelch the surface w/ veclor equation

- A . A "
C(u,v) = dcosu L+JsmuJ + vk

Soln. The paramdn'c equa’rion oj the surface are
xlu,v) = deos u, H(u,\l) =dsnu , zluv)=v

For any point (%,4,2) on the surface S, we have

7(’4«32 =4 meam'nj all cross - sections Keeping z -conslant 1.e parallel 1o the xﬂ-Plane
are circles of radius Q.

Now 2 =V and as no restrictions are placed on v , the surface is a crcular c&h'no\er
w radius d , whose axis 15 the Z-axis .

So here we placed no restrictions on the parame\‘ers
u and v and Hmrefore we ad an entire cﬂlino\er .

O@O

But lef's resinct u and v ( the parameter domains
as 0<u¢™ and 0¢ve 1.
* Then x>,0,320 ,0¢z¢ 1 and we ﬂe} the quar}er
cylinder of length 1 .
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For a pamme}n'c surjace S given b5 T (u,v), there are two \families oj curves that we want
o keep track of ,one famil w/ u constant and the other w/ v constant .
These are verhical and honzontal lines in the uv - plane.

1 T~
N )
w7 \) / — =

If we st utobe constant 1e u=Up, then T(uov) becomes a veclor funchbn

of a single parameter v and defines a curve C; lying on S.

5imi|ar|ﬂ ,1f we Keep v consfant bj seﬁinﬂ v=Vo ,we getacurve G given by 7l uv0)

lainﬂ on 5. These are called grio\ curves .
We are Soinﬂ to be interested 1n jmding a veclor funch'on Yo represen’c 0 given surface.
Ex  The veclor Iunch‘on that represents the plane that passes ’rhrouﬂ\v the point Fy
wl position veclor ¥ and that conlains two non porallel vectors @ and b
IS an’ven bj T(UV) =T +ud +vb ,where U and v are real numbers.
f we wrle 7 - (xy,2> o = <xo.5o,zo>, @ =<0,,0,,0;> and b= <byb,,bs) , then
* X = %+ UQ +Vh,

3 = 30"' u01+ VBQ_
Z = Zo"' Uaa* Vb3
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Ex Find o parametnic equaHon for the sphere x2+32+ 2t =g

Ans In spherical coordinates, J=a 5o we can choose ¢,8 in spherical coordinales as
parameters .

Then pu’rh'nj £=a in the equa’rion jor conversion from spherical 1o

redanﬂu\ar coordinates and  we gef

% = asing cos , =asingsin® , z =awsp , 0¢4<m, 0¢0<dn.
Le. our poramekr domain is the rec}angle D=lon]x[0.dn]

The 3n'd curves with ¢ =c are the circles oj constant lahude
The grid curves with ©=c are the meridians ( semicircles) that cnnect the north and
south Poles.
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Tanggn{ planes

Sbea sulfooe 3iven bﬂ Tluwv) =<x(uV) ,5(u,v), zlw,v)) at a posihon vector T (uoVo) .

1

ik
/‘ 0
V’Vo

The ’rangenl veclor 1o C, (Pluo,V)) is oblained bj iakmﬂ |>arha| derivatives oj r owrt v
[ b_(uo Vo) T + %(UO»VO)I +i(uo o) R

The {anaen’t vector {0 C, (P(u,%) ) is oblained bj iakmﬂ Farhal derivatives oj P wrt u
[ %_ (Ug,Vo) T + aﬁ.(uo»VO)I + 3_ luo,%0) R
u

If TxT, is not 0, then the surfoce S is called smooth (it has no “corners” ).

Then for a smooth surface, the tangent plane 15 the plane hat contains  the fangent veclor T
and 7, ond the veclor T,x Ty is nomal veclor to the tangent plane.

Lecture 9 Page 10



11

Thursday, June 2, 2016 4:35 PM

Ex Find the iangen{ plane fo the surface w/ paromelln'c equa’rions x=U?, y =v, z=u+dv a
the Poinf (1,1,3).

Soln  First compuh the hmﬁen{ veclors

Then the normal veclor to the inngen’c plane is

A A A

- o v d k A A A
Xty - |awo 4 |[=-dvi-duj+4uwR
0 dv 2

* Now we need to fl'nd the Parameler values correspondinj oo the pomt (1,1,3).
=1, =1 3=u+dv > u=4v-1.

S, TxT, (1.4) =-31-4] +4k
Then the equa’rionoj the ianﬂeni plane at (1,43) is

'3(7(-1)-4(3-1) +4(2z-3)=0
> X+33 -dz+3 =0,
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